Minimal sets in compact connected subspaces  by Mai, Jie-Hua
Topology and its Applications 158 (2011) 2216–2220Contents lists available at ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Minimal sets in compact connected subspaces
Jie-Hua Mai
Institute of Mathematics, Shantou University, Shantou, Guangdong, 515063, PR China
a r t i c l e i n f o a b s t r a c t
Article history:
Received 10 March 2011
Received in revised form 17 June 2011
Accepted 18 June 2011
MSC:
primary 54H20
secondary 37B05, 37B20
Keywords:
Topological space
Continuous map
Compactness
Connectedness
Minimal set
Uniformly recurrent point
Let X be a topological space, f : X → X be a continuous map, and Y be a compact,
connected and closed subset of X . In this paper we show that, if the boundary ∂X Y
contains exactly one point v and f (v) ∈ Y , then Y contains a minimal set of f .
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1. Introduction
Let N be the set of positive integers and write Z+ = N ∪ {0}. For any n ∈ N, write Nn = {1,2, . . . ,n}. Let X be
a topological space. For any Y ⊂ X , denote by ∂X Y and ClosX Y the boundary and the closure of Y in X , respectively.
If there is no confusion, we also write Y for ClosX Y . Denote by C0(X) the set of all continuous maps from X to it-
self. For any f ∈ C0(X), let f 0 = idX be the identity map of X , and let f i = f f i−1 be the composition of f and f i−1
(i = 1,2,3, . . .). f n is called the n-th iterate of f (n ∈ Z+). For any x ∈ X and any n ∈ N, write O (x, f ) = {x, f (x), f 2(x), . . .}
and On(x, f ) = {x, f (x), . . . , f n(x)}. O (x, f ) is called the orbit of x under f , and On(x, f ) is called a segment of orbit with
length n.
A point x ∈ X is called a recurrent point of f if for any neighborhood U of x and any m ∈ N there exists an integer n >m
such that f n(x) ∈ U . x ∈ X is called an almost periodic point of f and the corresponding orbit O (x, f ) is called an almost
periodic orbit if for any neighborhood U of x there exists an m ∈ N such that { f n+i(x): i ∈ Nm} ∩ U = ∅ for any n ∈ Z+ .
Sometimes (e.g. in [7,11,12,14] and in [3,4]) almost periodic points are called uniformly recurrent points or strongly recurrent
points. A subset W of X is said to be invariant or f -invariant if f (W ) ⊂ W . W ⊂ X is called a minimal set of f if it is
non-empty, closed and f -invariant and if no proper subset of W has these three properties.
In the study of dynamical systems, recurrent points, uniformly recurrent points and minimal sets play an important
role. From the deﬁnitions it is easy to see that every uniformly recurrent point is a recurrent point. The following theorem
exhibits the close connection between uniformly recurrent points and minimal sets.
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(1) the closure of the orbit of any uniformly recurrent point of f is a minimal set;
(2) all points in any minimal set of f are uniformly recurrent points.
Theorem A is a well-known theorem in topological dynamical systems, which was ﬁrst raised and proved in 1912 by
G.D. Birkhoff and is also discussed in Birkhoff [2]. Many works on dynamical systems introduce and apply this theorem, for
example, see [3,6,8,15–17,19].
The condition in Theorem A that X is a compact metric space can be weakened. Gottschalk [9] proved that (1) of
Theorem A holds for X being a metric space and (2) of Theorem A holds for X being a locally compact metric space.
Gottschalk [10] further proved that (1) of Theorem A holds for X being a regular space, and it follows from Theorem 2
in [10] that (2) of Theorem A also holds for X being a locally compact regular space. In [17] the authors raised a notion of
ω-regular space and proved that (1) of Theorem A holds for X being an ω-regular space. It was also proved in [17] that (2)
of Theorem A holds for X being a locally compact topological space, see [17, Theorem 3.1].
The following theorem on minimal sets is also well known.
Theorem B. Let X be a topological space, f ∈ C0(X), and Y be a non-empty, compact and closed subset of X with f (Y ) ⊂ Y . Then Y
contains a minimal set of f .
A proof of Theorem B can be found in [3, Lemma V.3]. Although in [3] only compact metric spaces are discussed, the
proof of Lemma V.3 in [3] is still valid for Theorem B.
For any f ∈ C0(X), denote by UR( f ) the set of all uniformly recurrent points of f . Erdös and Stone [5] proved the
following theorem.
Theorem C. Let X be a topological space, and f ∈ C0(X). Then UR( f n) = UR( f ) for each n ∈ N.
In this paper we will study minimal sets in some given subspaces. Our main result is the following theorem, which shows
that, under some conditions, according to the position of only one point f (v) we can ensure the existence of a minimal set
in a given subspace.
Theorem 3.2. Let X be a topological space, f : X → X be a continuous map, and Y be a compact, connected and closed subset of X . If
∂X Y contains exactly one point v and f (v) ∈ Y , then Y contains a minimal set of f .
It is well known that if X is a Hausdorff space then every compact subset of X is closed. However, for general topological
space, a compact subset may not be closed. Thus the condition “Y is closed” in Theorem 3.2 cannot be removed, see (4) of
Example 3.3.
In [18] the authors studied graph maps and obtained the following result.
TheoremD. ([18, Corollary 2.9]) Let X be a graph, Y be a circle in X, and f ∈ C0(X). If ∂X Y contains exactly one point v and f n(v) ∈ Y
for some n ∈ N, then Y contains a recurrent point of f .
From Theorem 3.2 we can derive the following theorem, which is a generalization and strengthening of Theorem D.
Theorem 3.4. Let X be a topological space, f : X → X be a continuous map, and Y be a compact connected subset of X . If ∂X Y contains
exactly one point v and f n(v) ∈ Y for some n ∈ N, then Y contains a uniformly recurrent point of f .
2. Identiﬁcation spaces of compact connected spaces
Let Y be a topological space, and V be a non-empty closed subset of Y . For any y ∈ Y , put y∗ = {y} if y ∈ Y − V and
y∗ = V if y ∈ V . Let Y ∗ = {y∗: y ∈ Y }. Then Y ∗ is a partition of Y . Let p : Y → Y ∗ be the projection deﬁned by p(y) = y∗ for
any y ∈ Y , and let the topology on Y ∗ be T = {U∗ ⊂ Y ∗: p−1(U∗) is an open set in Y }. Then Y ∗ is an identiﬁcation space
of Y with the closed subset V identiﬁed to a point. Such an identiﬁcation space Y ∗ is usually written Y /V , see [1, p. 69].
Lemma 2.1. Let Y be a compact connected space, and V be a non-empty closed subset of Y . Let the identiﬁcation space Y ∗ = Y /V and
the projection p : Y → Y ∗ be as above. For any subset W of Y , write W ∗ = p(W ).
(1) Suppose that U is a non-empty open set contained in Y − V and ∂Y U ⊂ V . Then (Y − U )∗ = p(Y − U ) is a compact connected
closed subset of Y ∗ , and ∂Y ∗U∗ = ∂Y ∗ (Y − U )∗ = {V } is a one-point-set in Y ∗ .
(2) Suppose that f : Y → Y is a continuous map and there is a point v ∈ Y such that f (V ) = {v}. Deﬁne a map f ∗ : Y ∗ → Y ∗ by
f ∗(y∗) = ( f (y))∗ for any y ∈ Y . Then f ∗ is continuous.
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(Y − U )∗ = Y ∗ − U∗ is closed in Y ∗ .
We note that V is a non-empty closed subset of Y and at the same time V is a point in Y ∗ . Since V is closed in Y , and
U = U ∪ ∂Y U ⊂ U ∪ V , it follows that p−1({V } ∪ U∗) = V ∪ U = V ∪ U is closed in Y . Thus {V } ∪ U∗ is closed in Y ∗ . On the
other hand, since Y is connected and U is an open proper subset of Y , U is not closed in Y . Thus U ∗ is not closed in Y ∗ .
These mean that U∗ = {V } ∪ U∗ and hence ∂Y ∗U∗ = ∂Y ∗ (Y − U )∗ = {V }, which is a one-point-set in Y ∗ .
Since Y is compact, its closed subset Y − U is compact. Since the projection p is continuous, (Y − U )∗ = p(Y − U ) is
also compact.
If (Y − U )∗ is not connected, then there exist two disjoint non-empty closed subsets W ∗1 and W ∗2 of the space (Y − U )∗
such that W ∗1 ∪ W ∗2 = (Y − U )∗ . Note that W ∗1 and W ∗2 are also closed in the space Y ∗ itself. Write Wi = p−1(W ∗i ) for
i = 1,2. Then W1 and W2 are closed in Y . We may assume that V ∈ W ∗1 . Then V ⊂ W1, and Y − W2 = W1 ∪ U = W1 ∪
V ∪ U = W1 ∪ U is also closed in Y . Therefore, W2 is a both closed and open proper subset of Y . But this contradicts the
connectedness of Y . Thus (Y − U )∗ must be connected.
(2) For any topological space Z , it is well known that a map g∗ : Y ∗ → Z is continuous if and only if the composition
g∗p : Y → Z is continuous, see [1, p. 67, Theorem 4.1]. Now, take Z = Y ∗ and g∗ = f ∗ . Then f ∗p : Y → Y ∗ is continuous
since f ∗p = pf and both f and p are continuous. Thus f ∗ : Y ∗ → Y ∗ is continuous. Lemma 2.1 is proved. 
3. Minimal sets in compact connected subspaces
Let X be a topological space, n ∈ N, and f : X → X be a continuous map. A subset Y of X is said to contain an n-orbit
of f if there exists a point y ∈ Y such that On(y, f ) ⊂ Y . The following lemma is a key in this section.
Lemma 3.1. Let X be a topological space, f : X → X be a continuous map, and Y be a compact, connected and closed subset of X . If
∂X Y contains exactly one point v and f (v) ∈ Y , then, for any n ∈ N, Y contains an n-orbit of f .
Proof. Since O 1(v, f ) = {v, f (v)} ⊂ Y , we have the following claim.
Claim 1. There exists an n0 ∈ N such that the conclusion of Lemma 3.1 is true for n = n0 . That is, for any topological space X, any
continuous map f : X → X and any subset Y satisfying the conditions in Lemma 3.1, Y contains an n0-orbit of f .
Write m = n0 + 1. By induction, it suﬃces to show that Y contains an m-orbit of f . Let U0 = X − Y . Note that U0 and
Y − {v} are open in X , and {v} = ∂X Y = ∂XU0 is closed. Let U = f −1(U0) ∩ Y . Then U = f −1(U0) ∩ (Y − {v}). Thus U is
an open set not only in the subspace Y but also in the space X itself. Note that f (Y − U ) ⊂ Y . Therefore, if U = ∅, then
O (y, f ) ⊂ Y for all y ∈ Y , and hence Lemma 3.1 holds. In the following we may assume that U = ∅.
Let V = f −1(v)∩ Y . Then V ⊂ Y −U , and V is a closed set both in Y and in X . Note that Y − (V ∪U ) = f −1(Y −{v})∩ Y
is an open set in Y , although Y − (V ∪U ) may not be open in X . Note that we can write U both for ClosY U and for ClosX U
since ClosX U = ClosY U ⊂ Y . Thus we have ∂XU = ∂Y U = U − U ⊂ V . If V = ∅, then Y − U is open in Y , and Y is the union
of its two disjoint non-empty open subsets U and Y − U . But this contradicts the connectedness of Y . Thus we must have
V = ∅.
Assume that Y contains no m-orbit of f . Then Om(y, f ) ∩ U0 = ∅ for all y ∈ Y , and hence we have the following
Claim 2. Om−1(y, f ) ∩ U = ∅ for all y ∈ Y − U .
Deﬁne a map f1 : Y → Y by f1(y) = f (y) for all y ∈ Y − U and f1(u) = v for all u ∈ U . For any open subset W of the
space Y , if v /∈ W then W is open in X and hence f −11 (W ) = f −1(W ) ∩ Y is an open set in Y ; if v ∈ W then W ∪ U0 is
open in X and hence f −11 (W ) = f −1(W ∪U0)∩ Y is still an open set in Y . Thus f1 : Y → Y is continuous. From Claim 2 we
obtain
Claim 3. Om−1(y, f1) ∩ U = ∅ for all y ∈ Y − U .
Let the identiﬁcation space Y ∗ = Y /V and the projection p : Y → Y ∗ be the same as in Section 2. Write Z = Y − U . For
any subset W of Y , write W ∗ = p(W ). Then from (1) of Lemma 2.1 we see that Z∗ = p(Z) is a compact connected closed
subset of Y ∗ , and ∂Y ∗U∗ = ∂Y ∗ Z∗ = {V } is a one-point-set in Y ∗ . Deﬁne a map f ∗1 : Y ∗ → Y ∗ by f ∗1 (y∗) = ( f1(y))∗ for any
y ∈ Y . It follows from f1(V ) = f (V ) = {v} ⊂ Z that f ∗1 (V ) = v∗ ∈ Z∗ . By (2) of Lemma 2.1, f ∗1 is continuous. By Claim 3, we
have
Claim 4. Om−1(y∗, f ∗) ∩ U∗ = ∅ for all y∗ ∈ Z∗ .1
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by (Y ∗, f ∗1 ; Z∗, V ), we ﬁnd that the all conditions in Lemma 3.1 still hold. Hence, by Claim 1, Z∗ contains an n0-orbit of f ∗1 .
But this will lead to a contradiction. Therefore, Y must contain an m-orbit of f . Lemma 3.1 is proved. 
We now state the main result of this paper and give its proof.
Theorem 3.2. Let X be a topological space, f : X → X be a continuous map, and Y be a compact, connected and closed subset of X . If
∂X Y contains exactly one point v and f (v) ∈ Y , then Y contains a minimal set of f .
Proof. For any n ∈ N, let Wn = {y ∈ Y : On(y, f ) ⊂ Y }. Then Wn is closed, Wn+1 ⊂ Wn , and f (Wn+1) ⊂ Wn . By Lemma 3.1,
we have Wn = ∅. Let W =⋂∞n=1 Wn . Then f (W ) ⊂ W . Since Y is compact, W is a non-empty, compact and closed subset
of Y . By Theorem B, W contains a minimal set of f . 
We now raise some examples to show that no condition in Theorem 3.2 can be removed. For any subset X of the
complex plane C or of the real line R, if there is no additional explanation then the topology on X will be the usual
subspace topology.
Example 3.3. (1) Let X = S1 be the unit circle in the complex plane C, and let θ ∈ [1/3,2/3] be an irrational number.
Deﬁne a continuous map f : X → X by f (e2π it) = e2π i(t+θ) for any t ∈ R. Let Y = {e2π it: t ∈ [1/4,1]}. Then Y is a compact
connected closed subset of X , and f (∂X Y ) ⊂ Y . Note that ∂X Y contains more than one point. Since the circle X itself is the
unique minimal set of f , Y contains no minimal set. From this example we see that, the condition “∂X Y contains exactly
one point” in Theorem 3.2 cannot be removed.
(2) Let X = (0,2] and Y = (0,1]. Deﬁne a continuous map f : X → X by f (x) = x/2 for any x ∈ X . Then Y is a connected
closed subset of X , ∂X Y contains exactly one point 1 with f (1) ∈ Y , and Y contains no minimal set of f . Note that Y is not
compact. Thus the condition “Y is compact” in Theorem 3.2 cannot be removed.
(3) Let X = [0,2] ∪ [3,5] ∪ [6,8] and Y = [1,2] ∪ [3,5]. Deﬁne f : X → X by f (x) = min{x+ 3,8} for any x ∈ X . Then Y
is a compact closed subset of X , ∂X Y contains only a point 1, f (1) ∈ Y , and Y contains no minimal set of f . Note that Y is
not connected. Thus the condition “Y is connected” in Theorem 3.2 cannot be removed.
(4) Let X = [0,2] with the topology T = {X, [0,1), (1,2],∅}. Let Y = [0,1). Deﬁne a continuous map f : X → X by
f (x) = x/3 for any x ∈ X . Then f is continuous, Y is a compact connected subset of X , ∂X Y contains exactly one point 1,
and f (1) ∈ Y . But Y is not closed, and no non-empty subset of Y is closed. Hence Y contains no minimal set of f . From
this example we see that, the condition “Y is closed” in Theorem 3.2 cannot be removed.
Using Theorem 3.2 we can easily prove the following theorem, which is a generalization and strengthening of Theorem D.
Theorem 3.4. Let X be a topological space, f : X → X be a continuous map, and Y be a compact connected subset of X . If ∂X Y contains
exactly one point v and f n(v) ∈ Y for some n ∈ N, then Y contains a uniformly recurrent point of f .
Proof. Case 1. Y is a closed subset of X . In this case, from Theorem 3.2 we know that Y contains a minimal set W of f n .
By [17, Theorem 3.1], every point w ∈ W is a uniformly recurrent point of f n . By Theorem C, every point w ∈ W is also
a uniformly recurrent point of f .
Case 2. Y is not a closed subset of X . In this case, we have Y = Y − {v}, and ∂X Y = {v} or ∂X Y = ∅. Note that Y is
a compact, connected and closed subset of X . If ∂X Y = {v}, then from Theorem 3.2 we know that Y contains a minimal
set W of f n . If ∂X Y = ∅, then f n(Y ) ⊂ Y , and from Theorem B we know that Y still contains a minimal set W of f n . Since
f n(v) ∈ Y , we have Y ∩W = W −{v} = ∅. Similar to Case 1, every point w ∈ Y ∩W is a uniformly recurrent point of f . 
Remark 3.5. In [13], Kelley proved the following
Proposition E. ([13, 4.4]) Let X be a metric continuum, Y be a subcontinuum of X, and f : X → X be a continuous map. Suppose that
X − Y has only ﬁnitely many connected components Z1, . . . , Zn. If for each i ∈ {1, . . . ,n}, Zi ∩ Y contains exactly one point vi , and
f (vi) /∈ Zi − {vi}, then there exists a non-empty subcontinuum D of Y such that f (D) ⊃ D.
By Proposition E we have at once the following proposition (cf. [13, Theorem 4.7]).
Proposition F. Let X , Y , f and D be as in Proposition E. Write D0 = D, Dk = D ∩ f −1(Dk−1) for all k ∈ N, and W =⋂∞k=0 Dk. Then
W is a non-empty compact subset of D with f (W ) = W , and hence, f has a minimal set contained in W ⊂ D ⊂ Y .
From Proposition F we see that, if X is a metric continuum then Theorem 3.2 is an immediate corollary of [13, 4.4].
However, our proof of Theorem 3.2 is different from Kelley’s one. A characteristic of our proof is the application of the
2220 J.-H. Mai / Topology and its Applications 158 (2011) 2216–2220notion on identiﬁcation spaces. Moreover, X in this paper need not be a metric continuum, it can be an arbitrary topological
space.
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